Précis of Deep linear neural networks:
A theory of learning in the brain and mind

Andrew M. Saxe

Learning is a little-remarked miracle: all we—and indeed all many biological organisms—
need do to improve at a given task is simply to continue to do it. The sort of task at which
we can improve ranges from the exceptionally low level, such as visual Vernier discrimi-
nation in which subjects detect slight visual shifts smaller than the diameter of a single
photoreceptor [9, 26], to the high level, such as semantic development, in which we progress
from little knowledge of items and their properties as infants to a richly structured knowl-
edge of entities in the world and their interrelations as adults [25, 4, 23, 30, 21]. Ultimately
these behavioral improvements must be traceable to some change in the neuronal networks
of the brain. Crossing these scales—linking behavior to its neural basis—is a critical challenge
facing theories of brain function. What changes at the neural level enable these behavioral
improvements at the psychological level? And what principles govern the dynamics of the
learning process?

This thesis investigates the hypothesis that depth—the brain’s chain-like, layered structure—
is a critical factor shaping learning dynamics in the brain and mind. Depth refers to layered
network structure (Fig. 1A) in which an intermediate layer cannot communicate directly
with the input or output, but instead communicates only with the layers adjacent to it.
This lack of direct access to inputs and outputs is simultaneously the strength and weakness
of a deep architecture. To the good, depth permits a ‘divide and conquer’ strategy for com-
plex tasks. Rather than solve an entire task in one go, each layer can solve a manageable
subproblem, and contribute to the gradual implementation of a complex transformation.
This is perhaps the key intuition behind deep learning, that complexity can be built up
by the gradual composition of simple features. Yet depth incurs a cost: learning in a deep
network is more complicated than in a shallow network. The same flexibility which makes
deep networks highly expressive must be constrained during the learning process, so that
ultimately one particular network configuration is chosen from amongst the vast array of
options. As a result, learning in deep networks is often slow, and progress highly irregular
(Fig. 1B).

Anatomically, the brain is a deep structure. Its many neocortical brain areas are
arranged in a hierarchy [10], and within each area, the cortical sheet is further subdivided
into several layers [8, 29], such that the overall “depth” of the visual cortex, for example,
may be on the order of ten stages. To the extent that, anatomically, the brain is deep, and,
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Figure 1: (A) A deep neural network with D layers. Signals may not pass directly from in-
termediate layers to inputs or outputs. (B) Learning difficulties in deep networks. Squared
error of a five-layer deep network trained on a handwritten character recognition task over
the course of training from small random weights (black). Initializing a deep network using
unsupervised layerwise pretraining (red) speeds learning, even accounting for pretraining
time (delay in initial start of red curve).

computationally, deep learning is hard, it is critical to understand how depth might impact
learning dynamics in the brain. This thesis proposes that learning in the brain is powerfully
sculpted by the special requirements of learning in a deep, chain-like structure. While a
number of theoretical proposals have examined how plastic changes might be distributed
within a single brain area, this work seeks to understand how the brain might apportion
changes across many layers of the cortical hierarchy.

This thesis develops a quantitative theory of deep learning phenomena by studying
learning dynamics in deep linear neural networks. Chapter 2 derives exact solutions to the
entire time course of gradient descent learning in deep linear neural networks as a function of
depth and the statistics of the task to be learned. These solutions analytically describe the
trajectory of every weight in the network during learning. Depth fundamentally transforms
the dynamics of learning even in these simple networks, yielding rich phenomena including
long plateaus with little learning followed by stage-like transitions. In contrast to their
shallow counterparts, deep networks show a sensitive dependence of learning dynamics on
the initial weight configurations, and they exhibit behaviors such as illusory correlations
that go beyond simple associationist accounts of learning. The theory provides quantitative
answers to a variety of fundamental questions, such as why deep learning is often slow;
and why a strategy called unsupervised layerwise pretraining can make it fast (Fig. 1B).
As they possess little else other than their layered structure, deep linear networks isolate
the specific impact of depth on learning dynamics, making them a vital tool for precisely
specifying the ramifications of depth alone.

After laying out the theory in Chapter 2, the thesis develops several applications to



highlight the relevance of deep learning dynamics to a variety of neural and psychologi-
cal/cognitive phenomena. In Chapter 3, I examine implications for the epoch of critical
period plasticity during which neural receptive fields change in response to their input
statistics early in an organism’s life. I suggest that the difficulty of learning in a deep
system may have led the brain to adopt a particularly successful strategy for mitigating
the difficulties of depth, namely unsupervised layerwise pretraining. I further test the idea
of domain general unsupervised learning, based on an extensive comparison of five unsu-
pervised learning methods to electrophysiology data from nine different empirical studies
across three sensory modalities. In Chapter 4, I show that deep linear networks predict
the shape and distribution of changes in neural tuning across different layers of the cortical
visual hierarchy in simple perceptual learning experiments. And finally, in Chapter 5, 1
examine learning about structured domains, and show that the theory captures aspects of
the development of human semantic knowledge of items and their properties. These appli-
cations span levels of analysis from single neurons to cognitive psychology, demonstrating
the potential of deep linear networks to connect detailed changes in neuronal networks to
changes in high-level behavior and cognition.

Chapter 1: Introduction

Chapter 1 provides an integrative review of prior work on deep learning in engineering,
neuroscience, and psychology. It begins with a historical review of efforts to train useful
artificial deep neural networks within the computational sciences, where they have recently
achieved state-of-the-art performance on a variety of pattern recognition problems [31,
24, 32]. From the computational literature, it distills six computational hypotheses of
relevance to the brain sciences. These hypotheses express the computational rationale
behind deep learning methods, and come more or less as a package: the main benefit of a
deep architecture, namely the compact expression of complex functions (hypothesis H1),
cannot be had without facing a correspondingly more difficult learning problem (H2). To
overcome this difficulty, one can employ the unsupervised layerwise pretraining strategy;
that this speeds learning is a key hypothesis (H3). Unsupervised layerwise pretraining is
also held to improve generalization from limited data (H4). When it comes time to learn
the eventual task of interest, this task-driven learning is thought to follow the direction of
the gradient of task performance (H5). Overall, none of these hypotheses (H1-H5) relies on
specifics of any one input modality, be it vision or audition or somatosensation, and hence
the approach is meant to be a domain general way of learning good feature hierarchies and
achieving high performance (H6).

The chapter then makes more precise arguments for the brain’s depth. Cortical areas
are arrayed hierarchically [10], and in addition to deep structure in the interconnection of
brain areas, there is a layered anatomy within each brain area [8]. The cortical sheet may
be anatomically divided into at least six layers, with inputs arriving in Layer 4 before being



passed to Layers 2/3 and then Layers 5/6. And a sequential propagation of signals is also
suggested by functional data, as neural responses show a progression of complexity from
lower [17, 5, 6, 14] to higher levels [27, 18, 13]. Similar progressions of complexity occur in
other sensory modalities [37, 29, 19], though they are less understood.

These two observations—that the brain is deep and deep learning is difficult—motivate
the question of how depth impacts learning dynamics in the brain. I propose high-level
mappings between the six computational hypotheses and neurocognitive phenomena, asso-
ciating critical period plasticity with unsupervised layerwise pretraining; and task-driven
learning with gradient descent fine-tuning. To make more detailed predictions for the con-
sequences of depth in specific experimental paradigms requires a clear, quantitative theory
of the impact of depth on learning dynamics. The chapter ends by introducing the main
theoretical tool of the thesis, the deep linear neural network.

Chapter 2: Deep linear network learning dynamics

Chapter 2 derives the major features of the theory, including exact solutions to the full
trajectory of learning in deep linear neural networks.! The central assumptions of the
theory are that learning occurs within sequential, layered structure, represented by a deep
linear neural network; and that connection strengths are adjusted according to error-driven
gradient descent learning. From these two postulates, a variety of rich dynamical behavior
emerges.

A deep linear neural network is a feed forward neural network model with no neural
nonlinearity (f(z) = z). In particular, given a vector input € RN a D layer linear
network computes the output

Q _ WD—IWD—2 . WZWI.'E, (1)

where the weight matrices WP~1 ... W' encode the strength of synaptic connections
between neurons.

While historically depth and nonlinearity have gone hand in hand in neural network
models, deep linear networks tease these two factors apart. Because the composition of
linear functions is linear, the input-output map of the deep linear network can always be
rewritten as a single shallow network with weight matrix W,

y — WD71WD72 . W2W1f£ — WtOtﬂ?. (2)

Hence deep linear networks fully control for representational power, as regardless of their
depth, they only represent a linear function of the input. In this sense, they isolate the

!The work described in this chapter is published as A.M. Saxe, J.L. McClelland, and S. Ganguli. (2014).
Exact solutions to the nonlinear dynamics of learning in deep linear neural networks. In Y. Bengio & Y.
LeCun (Eds.), International Conference on Learning Representations. Banff, Canada.
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Figure 2: Exact solutions to the dynamics of learning, analyzed via the SVD. (A) Singular
value decomposition (SVD) of input-output correlations for an example dataset with hier-
archical structure. Associations between items and their properties are decomposed into
modes. Each mode links a set of coherently covarying properties (a column of U) with a
set of coherently covarying items (a row of V7). The strength of the mode’s covariation
is encoded by the singular value of the mode (diagonal element of S). (B) Network input-
output map. The effective singular values (diagonal elements of A(t)) evolve over time
during learning. (C) Time-varying trajectories of the deep network’s effective singular val-
ues a;(t). Black dashed line marks the point in time depicted in panel B. (D) Time-varying
trajectories of a shallow network’s effective singular values b;(t).



contribution of deep layered structure on learning dynamics. Real neuronal networks are
of course nonlinear; yet understanding the simpler linear case is an important prerequisite
to developing a theory for nonlinear networks. And as we shall see, deep linear networks
in fact exhibit a variety of complex nonlinear learning behaviors which are also observed
in nonlinear networks.

Despite their simple input-output map, the learning dynamics are nonlinear: the er-
ror between the network’s output and the target pattern provided by the environment
is the squared error across all inputs, and learning consists in performing the following
minimization,

P

min > [ly* — 9113, (3)

WDfl Wl
b I le

which for deep networks (D > 2) is both nonlinear and nonconvex. Hence deep linear
networks have a linear input-output map, but a nonlinear error function, resulting in a
nonconvex learning problem.

The gradient descent dynamics, obtained by differentiating (3), are nonlinear and cou-
pled, and depend on the second order statistics of the training dataset, encoded by the input
correlation matrix, X% = E[zz”], and input-output correlation matrix ¥%* = E[yz’] as
well as the network’s depth.

Chapter 2 solves these dynamics for a class of decoupled, balanced initial conditions
which provide good approximation to learning dynamics from small random weights. As
shown in Fig. 2, the network learns a time-dependent SVD of the input-output correlations.
In a deep network, each mode of the SVD is learned according to a sigmoidal trajectory
(Fig. 2C), whereas shallow networks exhibit simple exponential approach (Fig. 2D).

These solutions, which describe the trajectory of every weight in the network over
time, allow the calculation of other quantities of interest. A key result is an expression
relating depth, the initial configuration of the network, and the statistical structure of
the training environment to learning speed. The learning dynamics of deep networks are
exquisitely sensitive to the initial configuration of weights. Starting from small random
weights, deep networks take exponentially more iterations to train than a shallow network,
clearly revealing the potential slowdown in learning due to depth (H2). Yet when a deep
network is initialized using the unsupervised layerwise pretraining strategy, a deep network
is only a finite number of iterations slower than a shallow network. Hence the theory reveals
how the unsupervised pretraining strategy speeds learning (H3) in a domain general way
(H6).

Chapter 2 constitutes the theoretical core of the dissertation, providing a simple,
tractable account of the main ramifications of depth. The results show that depth itself—
apart from neural nonlinearities—exerts a strong impact on the learning process, trans-
forming simple learning trajectories into irregular, nonlinear progress, and making learning
heavily dependent on the initial knowledge embedded in the network. Chapter 2 provides
general solutions that link network depth, training environment statistics, and weight ini-



tializations to learning dynamics. The remainder of the thesis specializes these solutions to
specific experimental paradigms, by placing further assumptions on the training environ-
ment. In this way, deep linear neural networks may provide a new analytical framework
with which to investigate a variety of other neural network modeling efforts.

Chapter 3: Domain general unsupervised learning

Chapter 3 focuses on the phenomenon of critical period plasticity in primary sensory cor-
tices, a brief epoch early in an organism’s life when neural receptive fields change in response
to the statistics of their inputs [3, 15, 22].2 As remarked earlier, deep networks can be diffi-
cult to train unless they are suitably initialized using an unsupervised layerwise pretraining
scheme. This chapter suggests that critical period plasticity fulfills this purpose, establish-
ing suitable initial synaptic weights such that subsequent learning is fast. This provides
a new computational rationale for critical period plasticity, and gives a clear theoretical
justification for how it accelerates learning in the brain’s deep layered structure.

Furthermore, the chapter highlights that unsupervised learning can be a domain gen-
eral strategy for learning useful representations. The core of the chapter is an extensive
comparison of five unsupervised learning methods to electrophysiology data from nine dif-
ferent empirical studies across three sensory modalities. In particular, we fed naturalistic
visual, auditory, or somatosenory inputs to several unsupervised learning algorithms to
obtain predicted artificial neural receptive fields. Notably, we used the exact same algo-
rithm regardless of the modality of the sensory inputs. We then extracted several summary
statistics from these artificial receptive fields, and compared them to the distribution of
these summary statistics derived experimentally. We find that a wide range of unsupervised
learning methods provide indistinguishable quantitative fits to the experimental data, con-
sistent with the hypothesis that a single functional plasticity principle may operate across
multiple sensory cortices.

Chapter 4: A deep learning theory of perceptual learning

Chapter 4 investigates the dynamics of simple visual perceptual learning in deep networks,
based on the hypothesis that tuning changes follow the gradient of task performance.? With

2This chapter is based on work published as A. Saxe, M. Bhand, R. Mudur, B. Suresh, & A.Y. Ng.
(2011). Unsupervised learning models of primary cortical receptive fields and receptive field plasticity. In
Advances in Neural Information Processing Systems 25.

3Elements of this chapter have appeared in poster format as R. Lee, A.M. Saxe, & J. McClelland (2014).
“Modeling Perceptual Learning with Deep Networks.” Poster at the 36th annual meeting of the Cognitive
Science Society. Quebec City; R. Lee & A.M. Saxe (2015). “The Effect of Pooling in a Deep Learning
Model of Perceptual Learning.” Poster at the Computational and Systems Neuroscience Conference. Salt
Lake City; and A.M. Saxe (2015). “A deep learning theory of perceptual learning dynamics.” Poster at
the Computational and Systems Neuroscience Conference. Salt Lake City.
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Figure 3: Deep perceptual learning model. (A) Three layer neural network to be trained on
an orientation discrimination task. (B) First layer weights are initially orientation-tuned
(pictured), while the second layer weights start untuned (W?(0) = 0). (C) Size of weight
changes in the representation and decision layers during gradient descent learning. The
decision layer changes earlier and more than the representation layer, revealing a reverse
hierarchy of learning.

practice, humans and other organisms can dramatically improve their accuracy in simple
perceptual discriminations [35, 34, 12, 2]. In the case of visual orientation discrimination
[1, 9, 20, 26|, experiments have reported learning-induced changes in neural tuning at
many levels of the cortical visual hierarchy [11, 28, 33, 36], and the magnitude of the
changes within an area has been found to depend strongly on its level within this hierarchy.
Generally, larger changes have been found in higher layers, a striking finding given that low
layers like V1 exhibit the sharpest orientation tuning [33, 36, 7]. A fundamental challenge
for theory is to understand the distribution of neural tuning changes across brain areas
that underly the behavioral improvements seen in perceptual learning.

I advance the view that all levels of the cortical hierarchy change during perceptual
learning to improve task performance, but that they do so within two critical constraints:
first, the cortical levels anatomically lie in a deep, serial hierarchy; and second, this hier-
archy is initially configured with the most orientation selective neurons in its lower levels.

I develop a quantitative theory of perceptual learning in this layered structure by consid-
ering the simplest incarnation of the deep learning problem: a three layer neural network.
This is the minimal model that permits studying the relative distribution of changes in a
V1-like representation layer as opposed to readout neurons. At the start of the learning
process, the representation layer contains neurons already sensitive to orientation; the de-
cision layer, by contrast, is untuned. Learning occurs by repeatedly adjusting all synaptic
weights via gradient descent when the network makes errors.

Using methods similar to those in Chapter 2, I develop an exact reduction of the
gradient descent learning dynamics to two variables, one encoding the size of synaptic



changes in the V1-like “representation” layer, and one encoding the size of the changes
in a higher-level “decision” layer. As shown in Fig. 3, the decision layer weights change
more, and earlier, than the V1-layer weights. I prove that this is in fact a more general
feature of gradient learning dynamics in deep structure: weaker layers change more during
learning than stronger layers. In the case of perceptual learning, in which lower layers are
more orientation tuned than higher layers, this results in a reverse hierarchy of learning
[2, 1, 16]. The results thus uncover a fundamental dichotomy between learning in ‘shallow’
parallel structure and ‘deep’ serial structure: learning in parallel structures targets the
‘most informative neurons,” while learning in serial structures targets the ‘least informative
layers.’

In the domain of visual perceptual learning, the model’s predictions accord with a
diverse set of experimental findings, including the pattern of changes within layers; the size
and timing of changes across layers; the effects of high precision versus low precision tasks;
and the transfer of performance to untrained locations. Further, it consolidates insights
from a variety of previous theoretical models, providing a unified quantitative account of
the basic features of perceptual learning dynamics and task transfer.

Chapter 5: A theory of semantic development

Finally, Chapter 5 studies the acquisition of human semantic knowledge, knowledge that
is typically richly structured.* Our knowledge about the natural kinds, for example, sits
naturally in a hierarchy, while our knowledge of cities on the globe resides in a spatial
structure. A wide array of psychology experiments have revealed remarkable regularities in
the developmental time course of human semantic cognition. For example, infants generally
acquire broad categorical distinctions (i.e., plant/animal) before finer-scale distinctions
(i.e., dog/cat), often exhibiting rapid, or stage-like transitions [25, 4, 23, 30, 21]. What are
the theoretical principles underlying the ability of neuronal networks to discover abstract
structure from experience?

To address this question, the chapter considers training a deep neural network on
data drawn from structured probabilistic graphical models of different structural forms.
Combining the analytic results of Chapter 2 with the structured domains represented
by these probabilistic models yields an integrated theory of the acquisition of abstract
structured domains from incremental online experience by a deep neural network (Fig. 4).
Depth controls not only the learning dynamics, but also the kinds of generalizations and
transient errors made by the network over the course of learning. The learning dynamics in
this network exhibit complex developmental phenomena such as stage-like transitions and

1A version of this work is published as A.M. Saxe, J.L. McClelland, and S. Ganguli. (2013) Learning
hierarchical category structure in deep networks. In M. Knauff, M. Paulen, N. Sebanz, & I. Wachsmuth
(Eds.), Proceedings of the 35th annual meeting of the Cognitive Science Society. (pp. 1271-1276). Austin,
TX: Cognitive Science Society.
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Figure 4: Representation of explicit structural forms in a neural network. Each column
shows a different structural form. First row: The structure of the generating probabilis-
tic graphical model. Second row: The resulting item covariance matrix arising from data
drawn from the PGM. Third row: The input-analyzing singular vectors that will be suc-
cessively learned by the linear neural network.

U-shaped learning trajectories, and show how knowledge of explicit abstract structures
comes to be encoded in the internal representations of the neural network. The ability
to arrange items within an internal representational space allows deep models to exhibit
phenomena that go beyond simple associationist accounts, such as illusory correlations
during learning. In the case of hierarchically structured domains, these effects combine into
a dynamic of progressive differentiation, with waves of progress beginning at the highest
levels and eventually reaching the lowest. These results recapitulate analytically several
key claims of previous neural network models of these phenomena [30]. Taken together,
the model provides the first analytic theory of the acquisition, inductive projection, and
underlying neural representation of semantic property knowledge.

Conclusion

This thesis offers a theory of learning in deep layered structure, and argues that the ramifi-
cations of depth are evident in many neuroscientific and cognitive phenomena ranging from
critical period plasticity to the development of semantic cognition. The theory showcases
the direct role of depth itself-as opposed to neural nonlinearities—in qualitatively altering
both the learning dynamics of a neural network model and the learned representations.
Overall, deep linear networks occupy a new spot on the continuum between mathemat-
ical tractability and expressiveness. They are rare among psychological and neural models
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in permitting tractable solutions for the entire dynamics of the learning process. From
two simple assumptions—deep network structure and gradient descent learning—spring a re-
markable array of emergent phenomena, from stage-like transitions in learning, to illusory
correlations, U-shaped learning curves, and the progressive differentiation of hierarchical
structure. They interlink computation, neural representation, and behavior, providing a
framework well-suited to crossing levels of analysis that yields diverse predictions for exper-
iments. The methods developed in this thesis may enable a recapitulation of other neural
network models in formal terms.

Neural network models have been criticized for their lack of transparency; while they
may make use of sophisticated background knowledge, the exact form this takes can be
hard to specify and difficult to understand. By giving an exact account of how explicit
structures are represented implicitly in neural networks, our theory provides a clear window
into these simple neural network models.

The applications in this thesis span levels of analysis from single neurons to psycho-
logical phenomena, showing the potentially broad relevance of depth to learning dynamics
in the brain and mind. As an organizing computational principle, deep learning offers an
interlocking set of hypotheses that can relate disparate phenomena, from critical period
plasticity to semantic development.
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